Recent experiments have presented more accurate data on the ΛΛ-binding energies of a few ΛΛ-hypernuclei. This is important as the ΛΛ-bond energies (∆BΛΛ) of double-Λ hypernuclei provide a measure of the in-medium strength of the ΛΛ interaction. A mass formula, optimized with the newly available ΛΛ binding energy data, is used to estimate the binding energy and bond energy over a wide range of hypernuclei. The ∆BΛΛ values calculated with this mass formula are in good agreement with the experimental data, predictions of the quark mean-field (QMF) model and the relativistic mean-field (RMF) model as well. The ΛΛ-bond energy is found to diminish with neutron numbers, approaching zero near the neutron-drip line. In this formalism, the calculated binding energy difference in mirror nuclei arises from the Coulomb contributions and can be utilized to extract the Coulomb-corrected charge symmetry breaking effect.
I. INTRODUCTION
Protons and neutrons are made of up (u) and down (d) quarks. A Lambda (Λ) hyperon consists of one up, one down, and one strange (s) quark. Like neutrons the Λ-hyperons have no charge, but Λ-s are heavier than neutrons. As a hyperon does not have to obey the Pauli Exclusion principle with the neutrons and protons, it can enter deep inside a nucleus and occupy the same levels already filled with nucleons. This property of hyperons enabled us to view the deep-lying shell model structure of nuclei [1] that can not be seen in reactions with nucleons due to the Pauli blocking. The hyperons seem to act as glue inside a nucleus. It was found that if one replaces a neutron with a Λ-hyperon, it makes a bound 10 Λ Li nucleus, while the normal 10 Li nucleus is known to be unbound [2] . This indicates that hypernuclei with large neutron-to-proton ratios could exist in a stable state, even though the corresponding normal neutron-rich nuclei could be unstable.
Although the nucleon-nucleon (N N ) interaction is reasonably well known, the ΛN , ΛΛN and ΛΛ interactions are yet to be fully understood. One studies the Λ-hypernucleus to estimate the basic Λ-nucleon interaction. Experimentally about thirty-five hypernuclei with one Λ-hyperon and six hypernuclei with two Λ-hyperons have been found so far [3] [4] [5] [6] . The Λ and ΛΛ-separation energies from hypernuclei provide a window to estimate the ΛN, ΛΛN-interactions properties of Λs and nucleons.
One interesting question is how two Λ-hyperons will interact while they are inside a nucleus. It has already been found that the ΛΛ -separation energy (B ΛΛ ) from a double-Λ hypernucleus exceeds twice the value of the single-Λ separation energy (B Λ ) of a single-Λ hypernucleus. This excess, ∆B ΛΛ , is known as the ΛΛ -bond energy (or, interaction energy).Experimentally it is found to be larger for light nuclei, although its variation with the neutron numbers has not been studied so far. So, we do not know to what extent the ΛΛ-boding will persist in neutron-rich hypernuclei.
In this work we employ an optimized mass formula to find the single-Λ binding energy(B Λ ), double-Λ binding energy (B ΛΛ ) and the ΛΛ -bond energy (∆B ΛΛ ) in hypernuclei over a wide mass range, encompassing the experimental data. The results are in good agreement with the published experimental data. The ΛΛ -bond energy diminishes rapidly with the increasing mass number. The value of ∆B ΛΛ is significantly larger for nuclei with lower proton (Z) numbers than the high-Z nuclei. Interestingly, the calculated ΛΛ-bond energy is found to diminish rapidly with increasing neutron number also, even for low Z nuclei. But, as mentioned before, no experimental data exists for such neutron-rich nuclei.
Another existing puzzle in Λ-hypernuclear physics is the large charge symmetry breaking (CSB) effect observed in light mirror hypernuclei. In normal nuclear systems, the charge symmetry breaking (CSB) in strong interaction occurs because of the mass difference of the up and down quarks [7] . In 3 H and 3 He nuclei about 70 keV out of the Coulomb-dominated 764 keV binding-energy difference is commonly attributed to the CSB effect [8] . On the otherhand, a large CSB effect observed in Λ-hypernuclei is very hard to explain theoretically [9] [10] [11] . In the formalism considered in this work, the difference in Λ-binding energies in mirror nuclei arises from the Coulomb effects only. Hence, it can be used to extract the Coulomb-corrected charge symmetry breaking effect from the experimental data In summary, a mass formula, optimised with the recently available ΛΛ-binding energy data, has been presented in this work. It provides a useful tool for estimating the binding and bonding energy values for hypernuclei that have not been studied so far. Because of its simplicity it can also be used in hypernuclear production calculations in multifragmentation and other reactions processes.
II. FORMALISM
The B Λ , B ΛΛ and ∆B ΛΛ of an element with Z number of protons are given as,
∆B ΛΛ (
where M (Λ) is the mass of the Λ hyperon, M ( A−1 Z) is the mass of the core nucleus of the single-Λ nucleus of mass M ( Λ He (N=1, Z=2, Λ=1) was observed [12] , and it was attributed to the charge symmetry breaking (CSB) effect [12, 13] . Recently Botta et al. [11] have summarized some of the CSB values (see Table 3 of Ref. [11] ) that shows that the ΛN interaction is not charge independent in other nuclei also. The CSB of the ΛN interaction is calculated as,
where Z ′ is the number of protons in the second nucleus. It is equal to the number of neutrons of the first nucleus with proton number Z. Both nuclei have the same total number of baryons (Z+N+Λ).
In a Quark Mean Field (QMF) model Hu et al. [14] studied single-and double-lambda hypernuclei with broken SU(3) symmetry for the quark confinement potential. Such symmetry breaking improved the description of the binding energies of Λ and ΛΛ hypernuclei. The ΛΛ bond energies (∆B ΛΛ ) values evaluated in Quark Mean Field (QMF) and Relativistic Mean Field (RMF) models were also presented for a few nuclei spreading over a mass region from A=6 to 210 [see Table 2 . of Ref. [14] ].
A generalized mass formula for non-strange nuclei and strange hypernuclei of mass number A= N + Zc + n Y , containing N number of neutrons, Zc number of protons and n Y number of hyperons(Y) was proposed earlier in a SU(6) symmetry breaking framework [15] , [16] in which charge q Y , mass m Y and strangeness S of each hyperon is explicitly considered. In this formalism, the hypernucleus is considered as a core of normal nucleus plus the hyperon(s) and the binding energy is defined as [15, 16] ,
where m Y = mass of the hyperon in MeV. The total charge of the hypernucleus Z is given by
where q Y is the charge number (with proper sign) of hyperon(s) constituting the hypernucleus. The strangeness of the Λ hyperon is S = 1, mass m Y =1115.683 MeV. For non-strange (S=0) normal nuclei,
The pairing term δ is given by,
Thus the choice of δ value depends only on the number of neutrons and protons (Zc) in both normal and hypernuclei.
Recently available more accurate experimental data on the ΛΛ -separation energies of double-Λ hypernuclei led to a minor modification of only one of the parameters of the previous equation (equation 5) from 26.7 to 27.8.
In all our calculations in this work (T.W.) we use this revised equation 8.
The hyperon separation energies for single-Λ and double-Λ are their respective binding energies in the Λ-or, ΛΛ-hypernucleus. These values are calculated using the following equation,
where B(A, Z) hyper is the binding energy of the hypernucleus and B(A − n Y , Z c ) core is the binding energy of its core nucleus without the hyperon(s). For single-Λ, n Y =1 and for double-Λ hypernuclei, n Y =2.
III. RESULTS
In this section we present the results of our calculations using the revised mass formula given by equation 8.
A.
Single-Lambda separation energies (BΛ)
The available experimental data on B Λ of different hypernuclei and the results of this work (T.W.) are presented in the table I . The references of the experimental data are given inside the tables. The calculated binding energy values are in good agreement with the experimental data.
B. Double-Lambda separation energies (BΛΛ)
The the results of this work (T.W.) and the experimental data on B ΛΛ of different hypernuclei are presented in the table II . The calculated binding energy values are in good agreement with the experimental data and the shell-model predictions for ΛΛ -hypernuclei, both taken from Ref. [18] .
C.
The ΛΛ-Bond energy (∆BΛΛ)
The bond energy of different nuclei are calculated over a wide mass range ( Fig. 1) and compared with the experimental data and the QMF and RMF calculations [14] . The usefulness of the mass formula is that it can be used to evaluate the ΛΛ-bond energy in any nuclei over a wide mass range, for which no experimental data exists.The overall fit is good except near the low mass region where some data have large error bars. Interestingly, we find that the bond-energy depends on the neutron number of the hypernucleus (fig 2) also, and it decreases in value as the neutron number increases which means that for the dripline nuclei, the ΛΛ-bond energy will be close to zero.
D. Charge symmetry breaking (∆BΛ)
In this section we consider a few mirror Λ-hypernuclei and present their ∆B Λ values deduced from the experimental B Λ values given in Table 1 values using the optimised mass fomula (equation 7, 8 and 9) are also presented. The CSB values (∆B Λ ) deduced from the Coulomb-corrected experimental binding energy data are taken from ref. [11] . All these values are summarised in Table III. On inspection of the equation 7, 8 and 9 we find that in this formalism the difference in Λ-hyperon binding en- (Table 1) , it is found to be somewhat different from the CSB effect (Table III) reported in [11] .
IV. SUMMARY
Newly available experimental data on ΛΛ-hypernuclei is useful in providing information on the in-medium ΛN-and ΛΛN-interaction energies. In this work we employ a generalized mass formula that has been optimized with the recent Λ and ΛΛ-hypernuclear data. The binding energies of single-Λ and double-Λ-hypernuclei are found to be in good agreement with the experimental values. (It may be mentioned here that the same mass formula, without any change of parameters, reproduces the available Cascade (Ξ − )-hyperon separation-energy data from different Cascade-hypernuclei).
In the past, the ΛΛ-bond energies were calculated for a few nuclei in a quark mean field (QMF) model and relativistic mean field (RMF) model [14] . The ΛΛ-bond energies calculated with the optimized mass formula are in good agreement with the QMF and RMF predictions, as well as the experimental data. There are some discrepancies at the low-mass (A) region where the experimental data have large error bars (Fig. 1) . From the QMF and RMF model calculation results it is seen [14] that the ΛΛ-interaction energy is high at low Z nuclei and diminishes rapidly as Z increases. In addition, we found a new feature not reported earlier, that even for a light hypernucleus with low Z-values, the ΛΛ-bond energy rapidly diminishes with the increasing neutron numbers (Fig. 2) . This possibly reflects the relative strengths of the ΛN interaction versus the ΛΛ-interaction. To understand this aspect of the ΛΛ-interaction, more data on neutron-rcih light hypernuclei are needed.
The charge symmetry breaking effect is an unsolved puzzle in hypernuclear physics. The difference in Λ-binding energies in mirror hypernuclei is known to arise from the charge symmetry breaking effect. In our calculations, the difference in Λ-binding energies in mirror occurs due to the Coulomb contribution only, and hence can be utilized to determine the Coulomb-corrected charge symmetry breaking effect in conjunction with the experimental data.
The overall good agreement of this optimized mass formula with the experimental data delineates that it can be used in apriori estimation of the hyperon(s) separation energy and in-medium ΛΛ -bond energy in the mass region not explored through experiments so far. Because of its simple formulation, it can be used as an input in multifragmentation production calculations [19, 20] as well as in fission calculations for hypernuclei . 
